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In wireless sensor networks, virtual backbone has been proposed as the routing infra-structure
and connected dominating set has been widely adopted as virtual backbone. However,
since the sensors in wireless sensor networks are prone to failures, recent studies suggest
that it is also important to maintain a certain degree of redundancy in the backbone. To
construct a robust backbone, so called k-connected m-dominating set has been proposed.
In this research, we propose a mathematical formulation and an optimal algorithm for the
minimum k-connected m-dominating set problem. To the best of our knowledge, this is the
first mathematical formulation for the problem, and extensive computational results show
that our optimal algorithm is capable of finding a solution within a reasonable amount of
time.
Key words: wireless sensor networks; robust connected dominating set; integer programming;
optimal algorithm
History:

1.

Introduction

Typically, wireless sensor networks (WSN) is featured by no fixed infrastructure, multihop communication and limited resources (battery capacity and bandwidth). Therefore,
although the simplest routing method to send a message is flooding, this not only devastates
batteries of the sensors but gives negative effect on the throughput of the whole network
as indicated in [29]. Furthermore, if we use flooding for broadcasting purpose, it probably
causes broadcasting storm problem as shown in [14]. Therefore recent broadcasting, activity
scheduling and area monitoring algorithms are based on the concept of the virtual network
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infrastructure, so called backbone. Backbone can be defined as a subset of sensors that can
perform data communication tasks, and serves sensors that are not included in the backbone
[20]. This concept is frequently used to simplify the network and improve the efficiency of the
routing. Previous work [18] has shown that the backbone can reduce the routing overhead
dramatically. There is a vast amount of literature about the backbone construction and a
summary can be found in [19].
An important concept used in the literature for backbone structure is a connected dominating set (CDS) [30]. A connected graph G = (V, E) is used to represent the network, where
V and E indicate the set of vertices and the set of edges, respectively. Each vertex v(∈ V )
represents a sensor, and there is an edge e (=uv, ∈ E) which denotes sensor u is within
sensor v’s communication range and vice versa. A set of vertices is called a dominating set if
each of the vertices in the graph is either in this set or has a neighbor (vertex u is neighbor
of vertex v if there exists an edge between the two vertices) in the set. Typically, the vertices
which belong to the dominating set are called dominators, and the other vertices which are
not included in the set are called dominatees. A dominating set is referred to as CDS if
the subgraph induced by the dominators is connected. It is known that the connectivity of
vertices in a dominating set is required for proper routing of signals as indicated in [1] and
[9].
If CDS is used as a backbone, the following good characteristics of the network can be
obtained.
• Routing overhead can be reduced because only the sensors belonging to a CDS need
to maintain the routing information. Thus, if a dominatee wants to send a packet
to another dominatee, it sends the packet to its dominator. Then the dominator will
deliver the packet to the destination dominatee.
• Energy efficient area monitoring is possible. Since CDS is a good approximation of
an area, dominators belonging to a CDS can take over the dominatees’ sensing task.
Therefore, while the dominators are actively performing the sensing task, all the other
dominatees probably enter into a low-battery sleep state to save energy for future use.
Usefulness of CDS in WSN has been demonstrated in many communication protocols such
as media access coordination, unicast, multicast/broadcast, location-based routing, energy
conservation and topology control [4].
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However, since the sensors in WSN are prone to failure due to accidental damages or
battery depletion, recent researches ([2], [6], [11] and [12]) indicate that it is also important
to maintain a certain degree of redundancy in CDS.
Suppose that we have a dominating set such that every dominatee has at least m adjacent
dominators. Then even if (m-1) adjacent dominators of a dominatee failed, the dominatee
still can be connected to the dominating set. We say that paths joining two distinct vertices
s and t of G are internally disjoint if they have no internal vertices in common. Then the
maximum number of internally disjoint paths connecting s and t is denoted by p(s, t) and we
say that G is k-connected if p(s, t) ≥ k for any two distinct vertices s and t. The maximum
value of k for which G is k-connected is called the vertex connectivity of G and denoted by
κ(G). If the subgraph of G induced by a dominating set is k-connected, the dominating set
still maintains connectivity even though (k-1) dominators failed.
This type of the connected dominating set can enhance the fault tolerance capability and
the routing flexibility of the network, and it is referred to as the k-connected m-dominating
set (=(k, m)-CDS).
Since the number of sensors constituting the virtual backbone needs to be as small as
possible to decrease the protocol overhead and energy consumption, it is desirable to obtain
a minimum sized (k, m)-CDS, and this is referred to as the minimum (k, m)-CDS problem.
Then, the minimum (k, m)-CDS problem can be defined on graph as follows. Given a graph
G = (V, E) with two natural numbers k and m, find a subset S ⊂ V of minimal size such
that every vertex in V \ S is adjacent to at least m vertices in S. Also, the subgraph induced
by S is k-connected. For example, the induced subgraph by the dominators in Figure 1
constructs (2, 2)-CDS.
Many researches have been devoted to construct (k, m)-CDS. However, some are heuristics ([7] and [28]) which cannot guarantee the quality of the obtained solution, and others are
approximation algorithms ([10], [13], [16], [17], [22], [24], [25], [26], [29], [31] and [32]) whose
performance ratios are weak. Also, since most of the algorithms are designed for special
type of graphs such as unit disk graphs, these algorithms cannot be applied to WSN which
is represented on general graphs.
In this research, we present an exact algorithm for the minimum (k, m)-CDS problem
using an integer programming (IP) formulation which can be applied to general graphs.
Although obtaining an optimal solution of the problem is an important research goal, to the
best of our knowledge, no other exact algorithm has been developed for the problem (note
3
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Figure 1: Example of the network which shows (2, 2)-CDS.

that, when k=m=1, the problem is a well-known NP-hard problem as shown in [8].).
One of the main characteristics of IP is that, we can obtain some information on the
lower bound. If we relax the integrality condition of the IP formulation, the optimal value
of the linear programming (LP) relaxation provides a lower bound on the optimal value of
IP. Note that, the obtained lower bound can be used to measure the quality of the solution
obtained from the heuristic and the approximation algorithms.
The remainder of this paper is organized as follows. In Section 2, we present a mathematical formulation for the minimum (k, m)-CDS problem, and introduce additional constraints
to reduce the computational time to solve the problem. In Section 3, we suggest an optimal
algorithm for the problem and discuss how the optimal value of the LP relaxation can be
obtained. In Section 4, we compare the performance of the algorithm with the heuristic
(CGA) which is developed in [28]. Finally, in Section 5, we conclude this paper and provide
some suggestions for the future researches.

2.

Mathematical formulation

This section presents a mathematical formulation for the minimum (k, m)-CDS problem.
Before introducing our formulation, we review the objective and restrictions of the problem
in detail. The objective is clear. When a graph is given with two natural numbers, k and
m, we want to minimize the number of vertices which will be chosen to be included in the
dominating set. Two restrictions exist for the dominating set. First restriction is, if a certain
vertex is chosen to be a dominatee, then it has at least m adjacent dominators. Second
4

restriction is that the induced subgraph which is constructed by the chosen dominators is
k-connected.
To solve the problem using a mathematical formulation, binary decision variable xi is
defined as follows.

xi =

1, if vertex i is chosen to be a dominator,
0, otherwise (=vertex i is selected to be a dominatee.).

Then the objective can be represented as follows.
minimize

X

xi

(1)

i∈V

To represent the first restriction, suppose that vertex i is chosen to be a dominatee (xi =0)
and let the set of neighbors of vertex i be denoted by N (i). Then, there should exist at least
m dominators among the neighbors of the vertex i.
The first restriction can be expressed as follows (if vertex i is chosen to be a dominator
(xi =1), constraint (2) holds trivially.).
X

xj ≥ m(1 − xi ), ∀i ∈ V.

(2)

j∈N (i)

To represent the second restriction, we use M enger0 s theorem. Given two nonadjacent
vertices s and t of G, an st-vertex-cut is S ⊆ V \ {s, t} such that the removal of S from
G disconnectes s and t. We let c(s, t) denote the minimum size vertex cut separating s
and t. Then the maximum number of internally disjoint st-paths for any two distinct and
nonadjacent nodes s and t can be identified using st-vertex-cut.
Theorem 1 [5] (Menger’s Theorem) In any graph G with two distinct and nonadjacent
vertices s and t,
p(s, t) = c(s, t).
Moreover, the result can be extended for any two distinct, not necessarily nonadjacent,
vertices.
Theorem 2 [5] If G has at least one pair of nonadjacent vertices,
κ(G) = min { p(s, t) : s, t ∈ V, s 6= t, st ∈
/ E }.
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Therefore, when the graph G has at least one pair of nonadjacent vertices, the connectivity of a graph G is equal to the size of a minimum vertex cut of G.
In this research, we assume that the subgraph induced by the dominators has at least onepair of nonadjacent vertices because the complete graphs (=any two vertices are adjacent)
rarely occur in (k, m)-CDS problem instances.
For the given two nonadjacent vertices s and t of G, we let Cst denote the set of all
st-vertex-cuts. Then the second restriction can be represented as the following.
X

xi ≥ k(xs + xt − 1), ∀ s, t ∈ V, s 6= t, st ∈
/ E, ∀ cst ∈ Cst .

(3)

i∈cst

Constraints (3) indicate that, if two nonadjacent vertices, s and t are chosen to be
dominators (xs = xt = 1), then the size of every st-vertex-cut which is composed of the
selected dominators should be greater than or equal to k. On the other hand, suppose that
if at least one of s and t is selected to be a dominatee (this means, at least one of xs and xt is
equal to 0), then constraint (3) holds trivially. Since constraint (3) holds for all nonadjacent
pairs of vertices of V , the existence of k independent paths among the vertices which will be
included in the dominating set are guaranteed.
The mathematical formulation for the minimum (k, m)-CDS problem is complete with
constraints (2) and (3), but we also introduce two additional constraints. They may strengthen
the formulation, which will reduce the computational burden in the branch-and-bound algorithm to solve the formulation.
Assume that, it is guaranteed that the number of vertices selected in a (k, m)-CDS is
greater than or equal to two. Then, the following first additional constraints can be added
to the formulation.
X

xj ≥ kxi , ∀ i ∈ V.

(4)

j∈N (i)

Constraints (4) imply that, if vertex i is chosen to be a dominator (xi =1), then it needs
to have at least k dominators among the vertices which are adjacent to vertex i due to the
k independent paths requirement.
Note that, constraints (4) and (2) can be combined into one constraint as follows.
X

xj ≥ kxi + m(1 − xi ), ∀ i ∈ V.

j∈N (i)
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(5)

Before introducing the second constraints, we consider the following two cases for the
given two natural numbers, k and m.
The first case is when m is greater than or equal to k (m ≥ k). Then, since the vertex
connectivity for the nonadjacent pairs of dominators is at least k and every dominatee has
at least m dominators as neighbors, there exist k independent paths for all pairs of vertices
according to Lemma 1.
0

Lemma 1 [27] If G is a k-connected graph, and G is obtained from G by adding a new
0

node x with at least k neighbors in G, then G is also a k-connected graph.
Therefore the following constraints (6) can be added to the formulation (let c be a vertex
cut whose removal disconnects the graph and C be the set of all vertex cuts.).
X

xi ≥ k, ∀c ∈ C.

(6)

i∈c

Now consider the second case when m is smaller than k (m < k). Similarly, the following
constraints (7) can be added to the formulation.
X

xi ≥ m, ∀c ∈ C.

(7)

i∈c

In conclusion, when a graph is given with two numbers, k and m, we can add the following
second additional constraints (8) to the formulation.
X

xi ≥ min(m, k), ∀c ∈ C.

(8)

i∈c

3.

Optimal algorithm

In this section, we first propose an optimal algorithm for the minimum (k, m)-CDS problem,
then we discuss how the optimal value of the LP relaxation of the mathematical formulation
can be obtained. The optimal value of the LP relaxation can be used estimate the lower
bound of the optimal value of the minimum (k, m)-CDS problem when the optimal algorithm
fails to obtain the optimal solution in a reasonable amount of time.
Since the number of constraints (3) can be exponential, constructing the formulation
in full is impractical. Therefore, the constraints need to be treated implicitly rather than
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explicitly. The core idea of handling the exponential number of constraints is generating the
constraints only when needed as shown in [3].
We first solve the formulation optimally which is composed of constraints (5) with binary
0

integer restrictions on variables xi (i ∈ V ). Then we construct an induced subgraph G of
G as follows.
0

Procedure to construct induced subgraph G of G:
Step 1. Identify vertices whose corresponding value of decision variable xi is equal to 0.
Step 2. Delete the vertices which are identified in Step 1 from G, and remove the edges
which are incident to the deleted nodes.
0

0

0

Step 3. Construct the induced subgraph G of G with remaining vertices V and edges E .
0

Then we check whether the induced subgraph G is a (k, m)-CDS or not. This can
be checked easily as follows. Since the constraints (2) represent the first restriction, any
generated integer solution obtained from solving the formulation satisfies the m dominance
requirement. Also, whether the induced subgraph satisfies the k connectivity requirement
or not can be checked in polynomial time.
Note that, for the given natural number k, complexity of computing the connectivity
of a graph G is O(|E|1/2 |V |2 ) as shown in [23]. Also, much efficient algorithms have been
developed for a specific value of k. For example, when k=2, complexity of computing the
vertex connectivity is O(m + n) as shown in [21], where m is the number of edges and n is
the number of vertices of the graph G.
If the connectivity of the induced subgraph is greater than or equal to k, we obtained a
minimum (k, m)-CDS and stop. Otherwise, we identify some of the constraints (3) which
are violated by the current solution, and add them to the formulation. Then, we optimally
solve the enlarged formulation again, and this process is continued until a (k, m)-CDS is
obtained.
In this research, when there exist several vertex cuts which are violated by the current
solution for the given two nonadjacent vertices s and t of G, we use the minimum st-vertexcut. This may tighten the formulation the most, and it probably reduces the computation
time to solve the problem.
We first explain the idea of obtaining the minimum st-vertex-cut, then our optimal
algorithm which uses the minimum cut will be discussed.
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Let G = (V, E) and suppose that two nonadjacent vertices s and t (∈ V ) are given. Then
the minimum st-vertex-cut can be obtained using the maximum flow algorithm [15].
Procedure to obtain the minimum st-vertex-cut:
Step 1. Replace each edge uv (∈ E) by arcs uv and vu with infinite capacity.
0

00

Step 2. Replace each vertex v (∈ V , 6= s, 6= t) by two vertices v and v and add an arc
0

00

v v with unit capacity.
0

Connect all the arcs that were coming to v to v , and similarly, connect all the
00

arcs that were going out of v to v .
Step 3. Calculate the maximum flow from s to t using the maximum flow algorithm and
identify a minimum st-cut.
Step 4. Take the vertices which correspond to the arcs in the minimum st-cut as the
vertices of a minimum st-vertex-cut.
Step 2 can be illustrated as shown in Figure 2. Note that the arcs with infinite capacity
cannot be included in a minimum st-cut identified in Step 3.
Optimal algorithm for the minimum (k, m)-CDS problem which uses the Procedure
0

to construct induced subgraph G of G and the Procedure to obtain the minimum
st-vertex-cut can be described as follows (Note that, our optimal algorithm is designed for
a general natural value of k.).
Procedure to find a minimum (k, m)-CDS:
Step 1. Construct the formulation which is composed of constraints (5) with binary integer
restrictions on xv (v ∈ V ).
0

Step 2. Solve the formulation optimally and construct an induced subgraph G using the
0

Procedure to construct induced subgraph G of G.
0

Step 3. Assign a very large positive value to κ(G ).
0

Step 4. For All nonadjacent pairs of the vertices in V Do
Step 4.1. Let the first and the second vertex be s and t, respectively.
Step 4.2. Identify a minimum number of st-vertex-cut using the Procedure to
obtain the minimum st-vertex-cut.
0

Step 4.3. If the minimum number of the cut is greater than or equal to κ(G ),
proceed to the next pair of vertices.
0

Step 4.4. Otherwise, update κ(G ) with the minimum number of the cut and
9
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Figure 2: Splitting vertex v into two vertices v and v .

construct the violated constraint (3) using the cut with the pair of
vertices s and t, then add it to the formulation.
Step 4.5. If the minimum number of the st-vertex-cut is less than min(m, k),
construct the violated constraint (8) using the cut, and add it to the
formulation.
End For
0

Step 5. If κ(G ) is greater than or equal to k, we obtained an optimal solution. Stop the
procedure.
Step 6. Otherwise, return to Step 2.
In this section, we also discuss how the optimal value of the LP relaxation can be obtained.
The optimal value of the LP relaxation can be obtained similar to the Procedure to find
a minimum (k, m)-CDS except for several differences. The first difference is that the
integrality restriction is dropped when we construct the formulation. The second difference
is that the value of xv obtained from solving the formulation is used as the capacity of
0

00

arc v v when we find the minimum st-vertex-cut. Lastly, the Procedure to construct
0

induced subgraph G of G is not used, and the stopping criterion is changed from the
k-connectivity requirement to no violated constraint (3). The detailed procedure of finding
the optimal value of LP relaxation can be described as follows.
Procedure to find an optimal value of LP relaxation:
Step 1. Construct the formulation which is composed of constraints (5) with 0 ≤ xv ≤ 1
(v ∈ V ).
Step 2. Solve the formulation optimally, and let the obtained value of xv as x̄v , v ∈ V .
Step 3. For All nonadjacent pairs of vertices in V Do
10

Step 3.1. Let the first and the second vertex be s and t, respectively.
0

Step 3.2. Construct a directed graph G using Step 1 and 2 in Procedure to
obtain the minimum st-vertex-cut, and replace capacity of arc
0

00

v v with x̄v .
Step 3.3. Find a minimum st-cut using Step 3 in Procedure to obtain the
minimum st-vertex-cut.
Step 3.4. If the size of cut is greater than or equal to k(x̄s + x̄t − 1), proceed to
the next pair of vertices.
Step 3.5. Otherwise, apply Step 4 in Procedure to obtain the minimum
st-vertex-cut to identify the vertices of a minimum st-vertex-cut, and
construct the violated constraint (3) with the pair of vertices s and t.
Then add it to the formulation.
Step 3.6. If the size of the cut is less than min(m, k), construct the violated
constraint (8) using the cut, and add it to the formulation.
End For
Step 4. If no constraint is generated in Step 4, we obtained an optimal solution. Stop
the procedure.
Step 5. Otherwise, return to Step 2.
Since the maximum number of possible pairs of nodes among dominators is (|V | × (|V | −
1))/2 and LP relaxation can be solved in polynomial time, we also can solve the LP relaxation
of the formulation in polynomial time as discussed in [3].

4.

Computational results

In this section, we report the performance of the optimization algorithm which is proposed
in Section 3 to construct (k, m)-CDS. To evaluate the performance of the algorithm, we
implemented both the heuristic (CGA) developed in [28] and our optimal algorithm, then
we compared the obtained (k, m)-CDS for the same instance. For each approach, the run
time and the size of the (k, m)-CDS are reported.
Two approaches were implemented in C++ and ILOG CPLEX 12.1 was used as an
optimization software. All experiments were run on Intel Pentium Dual Core (2.20 GHz)
with 3GB RAM, and the running time of the algorithm is given in seconds.
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To simulate the wireless sensor networks, we generated the sensors which were placed at
random within a 1000 meters × 1000 meters area, and the sensors have the same transmission
range of 350 meters (The size of the area and the number of sensors used in this paper are the
same as the ones which were used in [28]. Although two transmission ranges, 250 meters and
350 meters, were used in [28], we fix the transmission range as 350 meters for simplicity.).
In this experiment, there exist two parameters, k and m. We performed the experiments
for some combinations of the fixed two parameters. For each type of the combinations, we
changed the number of vertices from 30 to 150 with an increment of 10. Tables 1, 2 and 3
consider the cases when the value of k is 1, 2 and 3, respectively (the value of m varies from
1 to 3 for each table).
Here, |V | denotes the number of the vertices of the given graph, |(k,m)-CDS| indicates the
size of the obtained (k,m)-CDS from each approach, Opt. represents the optimal algorithm
and d ZLP e means the next highest integer by rounding up the optimal value of the LP
relaxation of our formulation.
In some cases, Step 3 in Procedure to find an optimal value of LP relaxation
does not significantly increases the value of d ZLP e. Therefore, if the value of LP relaxation does not improves even after adding some number of cuts, we stopped the adding
the cut and reported the terminated value of LP relaxation.
Computational results show that, our optimal approach outperformed the heuristic (CGA)
in terms of the quality of the solution, and the optimal solution can be obtained within a
reasonable amount of time. Furthermore, we can observe that the gap between our optimal
approach and the value of the LP relaxation of our formulation is very tight (The run time
to obtain the value of d ZLP e is omitted in Tables 1, 2, 3 and 4, because it requires very
small amount of time.).
Additionally, we tested the performance of the two approaches when the number of
vertices is huge. The values of k and m are set as one, and we changed the number of
vertices from 200 to 1000 with an increment of 100. In some cases, our optimal algorithm
failed to obtain the solution in 3600 seconds and these cases are denoted by * symbols.
However, since information on lower bound (the value of LP relaxation) is provided, the
quality of the solutions obtained from the heuristic (CGA) can be evaluated.
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13

30
40
50
60
70
80
90
100
110
120
130
140
150

|V |

k=1 and m=1
Run time(s) |(k,m)-CDS|
d ZLP e
CGA Opt. CGA Opt.
0.000 0.016
6
6
5
0.016 0.109
6
6
5
0.000 0.109
7
6
5
0.000 0.078
6
5
5
0.016 0.078
6
5
5
0.016 0.172
5
5
5
0.016 0.688
6
5
5
0.016 1.234
7
6
5
0.016 0.266
6
5
5
0.016 1.484
6
6
5
0.016 2.250
7
6
5
0.031 0.547
6
5
5
0.047 2.375
7
6
5

k=1 and m=2
k=1 and m=3
Run time(s) |(k,m)-CDS|
Run time(s) |(k,m)-CDS|
d ZLP e
d ZLP e
CGA Opt. CGA Opt.
CGA Opt. CGA Opt.
0.000 0.016
9
9
9
0.000 0.031
14
13
12
0.016 0.047
10
10
10
0.000 0.063
15
13
13
0.000 0.047
9
8
8
0.000 0.031
15
12
12
0.016 0.172
11
10
10
0.016 0.125
16
12
12
0.016 0.063
10
9
9
0.000 0.188
13
12
12
0.016 0.266
10
9
9
0.000 0.094
14
13
13
0.016 0.391
10
9
9
0.016 0.078
14
13
13
0.016 0.313
12
10
10
0.016 0.281
14
13
13
0.031 0.984
11
10
9
0.016 0.203
15
12
12
0.016 0.219
11
9
9
0.031 0.234
14
12
12
0.031 0.547
10
9
9
0.016 0.328
17
13
13
0.047 0.797
11
10
10
0.047 0.469
14
13
12
0.000 0.672
10
9
9
0.047 0.734
16
13
13

Table 1: Comparison of the two approaches when k=1 and m=1 ∼ 3.
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30
40
50
60
70
80
90
100
110
120
130
140
150

|V |

k=2 and m=1
Run time(s) |(k,m)-CDS|
d ZLP e
CGA Opt. CGA Opt.
0.000 0.016
6
6
5
0.000 0.016
7
6
5
0.016 0.047
7
7
5
0.031 0.047
7
7
5
0.016 0.047
6
6
5
0.063 0.078
9
8
5
0.109 0.109
9
8
5
0.063 0.266
9
7
5
0.188 0.297
9
7
5
0.141 0.250
9
7
5
0.281 0.172
8
7
5
0.172 0.344
8
7
5
0.438 0.516
9
7
5

k=2 and m=2
k=2 and m=3
Run time(s) |(k,m)-CDS|
Run time(s) |(k,m)-CDS|
d ZLP e
d ZLP e
CGA Opt. CGA Opt.
CGA Opt. CGA Opt.
0.000 0.000
11
10
10
0.016 0.047
16
15
15
0.016 0.000
10
10
10
0.000 0.016
16
13
13
0.000 0.016
11
9
9
0.016 0.031
18
13
13
0.078 0.125
12
11
11
0.031 0.031
16
14
14
0.031 0.016
9
9
9
0.094 0.063
17
14
14
0.063 0.016
13
9
9
0.141 0.094
17
13
13
0.047 0.016
10
9
9
0.078 0.109
16
13
13
0.313 0.016
14
10
10
0.188 0.281
18
14
14
0.063 0.063
13
9
9
0.141 0.234
16
13
13
0.063 0.250
11
10
9
0.719 0.250
14
13
13
0.156 0.203
11
10
10
0.172 0.328
15
13
13
0.391 0.063
12
9
9
0.609 0.578
16
14
14
0.578 0.141
12
10
9
1.203 0.438
17
14
14

Table 2: Comparison of the two approaches when k=2 and m=1 ∼ 3.
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30
40
50
60
70
80
90
100
110
120
130
140
150

|V |

k=3 and m=1
Run time(s) |(k,m)-CDS|
ZLP
CGA Opt. CGA Opt.
0.000 0.031
7
7
6
0.281 0.063
9
9
8
0.438 0.438
13
12
6
1.828 0.438
12
10
6
1.391 0.125
10
8
5
3.594 0.547
10
9
5
3.781 2.188
11
10
6
2.563 0.328
10
9
5
9.953 3.922
10
9
5
7.531 1.516
11
9
5
20.516 7.734
12
9
5
52.766 1.250
12
9
5
0.656 2.531
10
8
5

k=3 and m=2
Run time(s) |(k,m)-CDS|
d ZLP e
CGA Opt. CGA Opt.
0.031 0.031
11
11
10
0.047 0.078
12
11
10
0.750 0.375
15
14
13
2.797 0.563
15
14
14
1.531 1.672
12
12
11
1.063 0.453
12
11
9
2.328 4.375
14
13
10
6.141 1.500
15
12
11
10.469 0.969
15
12
10
2.688 1.125
14
11
9
21.156 7.844
15
13
10
21.391 6.359
16
13
10
11.266 7.469
14
12
9

k=3 and m=3
Run time(s) |(k,m)-CDS|
d ZLP e
CGA Opt. CGA Opt.
0.125 0.000
16
15
15
0.203 0.078
17
17
17
0.422 0.047
17
16
16
1.703 0.156
16
15
15
3.906 0.234
20
18
18
3.484 0.250
16
14
14
10.172 1.547
19
17
17
11.438 1.734
19
17
17
5.297 3.219
16
15
15
23.953 2.094
16
13
13
12.156 1.203
17
14
14
14.313 7.563
18
15
14
51.984 4.281
18
15
13

Table 3: Comparison of the two approaches when k=3 and m=1 ∼ 3.

Table 4: Comparison of the two approaches when the number of vertices is huge.
Run time(s)
CGA
Opt.
200 0.06
3.61
300 0.22
22.30
400 0.38
99.34
500 0.84 599.23
600 1.19 365.77
700 1.98 383.86
800 2.52 1391.48
900 3.67
*
1000 4.89
*
|V |

5.

|(k,m)-CDS|
d ZLP e
CGA Opt.
6
6
5
6
6
5
7
6
5
6
6
5
7
6
5
7
6
5
7
6
5
7
*
5
7
*
5

Conclusions

In this research, we considered the minimum k-connected m-dominating set problem to
guarantee the routing flexibility and the fault tolerance which are hard to achieve in connected dominating set. We first proposed a mathematical formulation for the problem. Since
the number of constraints of the formulation can be exponential, we developed an optimal
algorithm which handles the constraints implicitly rather than explicitly.
To illustrate the performance of the suggested optimal algorithm, we implemented a
previously developed heuristic and compared the sizes of the obtained (k, m)-CDS with
our optimal algorithm. Computational results indicated that, our algorithm obtained the
optimal solution in a reasonable amount of time except for some cases and outperformed the
heuristic in terms of the obtained quality of the solution.
Furthermore, when our optimal algorithm failed to obtain an optimal solution within a
reasonable amount of time, the tight lower bound from the LP relaxation of our formulation
can provide information about the quality of the solution obtained from the existing heuristic
algorithm. Therefore, improving the lower bound can be a good research topic for the future
research. Also, developing a heuristic algorithm which uses the value of the LP relaxation
can be an another good research topic.
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