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Abstract

We propose two multi-class classification methods using signomial function. Each of these methods

directly constructs a multi-class classifier by solving a single optimization problem. Since the number of

possible signomial terms is extremely large, we propose a column generation method that iteratively gener-

ates good signomial terms. Both of these methods obtain better or comparable classification accuracies and

provide more sparse classifiers than the multi-class SVMs.

Keywords: multi-class classification; signomial function; sparse classifier; column generation algorithm;

Introduction

The multi-class classification, which is an important problem in data mining and pattern recognition, refers

to assigning each of the observations into one of k > 2 classes. The goal of the multi-class classification is to

build a multi-class classifier which can determine the classes of any future data using a given training set.

Many of the algorithms introduced to solve multi-class classification problems are based on those devel-

oped to solve binary classification problems (Anand et al., 1995; Clark and Boswell, 1991; Debnath et al.,

2004; Galar et al., 2011; Lorena et al., 2008). These methods first decompose a multi-class classification

problem to a set of multiple binary classification problems and then combine the binary classifiers obtained

from the binary classification problems in certain ways to construct a multi-class classifier. One-versus-all

(OVA) (Anand et al., 1995; Clark and Boswell, 1991) and all-versus-all (AVA) (Debnath et al., 2004; Lam

and Moy, 1996) are two of the most common decomposition methods. The former (OVA) converts a k-class

classification problem into k binary classification problems where one class is separated from the remaining

ones, while the latter (AVA) decomposes a k-class classification problem into k(k − 1)/2 binary classifica-

tion problems where the binary classifier for each pair of classes is constructed. Several strategies have been

proposed for combining the outputs of the binary classifiers (Friedman, 1996; Hastie and Tibshirani, 1997;
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Hüllermeier and Vanderlooy, 2010). One of these, the voting strategy, is a widely applied simple method in

which each binary classifier votes for the predicted class, and the class with the highest number of votes is

subsequently selected.

Such approaches, however, have a number of drawbacks. The voting strategy has been reported to lead

to ties or contradictory voting among the different classes (Tax and Duin, 2002), resulting in the degradation

of classification accuracy. Also, in the case of many classes, the voting can be time-consuming as the binary

prediction has to be applied many times. In addition, it is hard to capture the correlations among classes us-

ing the voting strategy since a multi-class classification problem is divided into multiple independent binary

classification problems (Crammer and Singer, 2002). Single machine approaches which directly construct a

multi-class classifier by solving a single optimization problem have been proposed to overcome these draw-

backs (Bennett and Mangasarian, 1994; Choo and Wedley, 1985; Crammer and Singer, 2002; Lee et al., 2004;

Pavur and Loucopoulos, 1995; Vapnik, 1998; Weston and Watkins, 1999). These include the method devel-

oped by Bennett and Mangasarian (1994) using a piecewise linear classifier and multi-class support vector

machine (SVM) methods that extend binary SVM to multi-class problems (Crammer and Singer, 2002; Lee

et al., 2004; Vapnik, 1998; Weston and Watkins, 1999).

Multi-class SVM methods often perform well in terms of classification accuracy (Hsu and Lin, 2002a; Lee

et al., 2004) and can even generate nonlinear classifiers using kernel functions. A good classifier should be

able to perform two main functions: prediction and interpretation (Baesens et al., 2009). For example, when

a doctor diagnoses a disease based on the presenting symptoms of a patient, he/she first has to determine

whether there actually is a ‘disease’; if so, the doctor has then to be able to explain his/her diagnosis based on

the specific combination of presenting symptoms. The doctor may require a classifier, which is described with

the symptoms (original variables) and which is as simple as possible so that the diagnosis can be reached easily.

Unfortunately, in many cases, the diagnosis requires knowledge of complex combinations (often nonlinear) of

symptoms. The knowledge can be obtained using the kernel trick inherent in SVM methods. However, with

the kernel trick, SVM methods do not use the mapping function explicitly; rather, they produce a classifier in

the form of a kernel expansion. Consequently, it is not easy to interpret the relationship between the original

variables (symptoms) and classes (existence of a disease).

SVM methods often produce a sparse kernel expansion, but various SVM methods have been developed

which produce even more sparse classifiers (Mangasarian, 1999; Psorakis et al., 2010; Weston et al., 2003).

Such classifiers, however, are sparse in feature space, not in original space, which implies that many (not

sparse) of the original variables are necessary to interpret the classifier obtained.

It is well-known that the performance of SVM methods is sensitive to the scale of the input data. As a result,

elaborated data scaling steps have been incorporated in many SVM methods as a preprocessing procedure

(Hsu et al., 2003). A classification method that is robust against the scale of the input data is of practical

importance as this would enable the procedure for finding the proper data scaling to be eliminated from the

algorithm.

In this paper, we seek to directly construct a (nonlinear) multi-class classifier which is sparse and explicitly
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described in original space. To achieve this, we propose a multi-class classifier using signomial function, and

develop two multi-class signomial classification methods.

Multi-class classification using signomial function

Let x = (x1, ..., xn) be a vector of positive real numbers, and define a function of x, gd(x) =
∏n

j=1 x
d j

j where

d= (d1, ..., dn) is a real vector. Then, a signomial function of x is defined as follows:

f (x) =
∑

d∈D

wd gd(x) + b, (1)

where b ∈ R, wd ∈ R,∀d ∈ D, and D is a finite subset of Rn such that 0 /∈ D. We consider the set D defined

by four parameters, dmin, dmax , L, and T , as follows:

D = {d ∈ Rn : dmin ≤ d j ≤ dmax , j = 1, ..., n,
n
∑

i=1

|di | ≤ L, Td ∈ Zn}. (2)

Let X = {1, 2, . . . , m} be the index set of m training examples xi where xi ∈ Rn
++, i = 1, ..., m. Let each

example belong to class k, k ∈ K := {1, ..., c}, c > 2, where c is the number of classes, and X k be the index

set of examples that belong to class k, k ∈ K satisfying
⋃

k∈K X k = X . We attempt to discriminate between c

classes by a signomial function classifier (1), while keeping the number of terms in the function as small as

possible.

To obtain such a signomial function, we propose two multi-class signomial classification methods in the

following sections. Both of these are multi-class extensions of the binary classification method proposed

by Lee et al. (2012). Each method gives a multi-class signomial classifier by solving a single optimization

problem. Two different approaches have been adopted for minimizing the number of signomial terms in

the resulting classifier: (1) to adopt the L1-norm as the regularization term; (2) to adopt the L0-norm as

the regularization term. We denote these two methods as the L1-norm and L0-norm methods for multi-class

signomial classification (L1-MSC and L0-MSC), respectively.

L1-norm method for multi-class signomial classification (L1-MSC)

L1-norm multi-class signomial classification problem

In this section, we describe the L1-norm method for multi-class signomial classification (L1-MSC). The follow-

ing optimization problem is developed to obtain a signomial classifier for a multi-class classification problem.
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min
∑

k∈K

||wk||1 + C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (3)

s.t.
∑

d∈Dk

wk
d gd(xi) + bk − {

∑

d∈Dl

wl
d gd(xi) + bl}+ εkl

i ≥ 1, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (4)

wk ∈ R|D
k |, bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K ,

where C is the penalty parameter, and Dk is the set of exponents for class k, k ∈ K defined by (2). L1-norm

||wk||1 is defined as
∑

d∈Dk |wk
d|, and εkl

i is the misclassification error which is positive if data i is misclassified.

The objective function (3) is to minimize
∑

k∈K ||w
k||1 and the sum of misclassification errors. The parameter

C is a positive real number and controls the relative importance of training error to the L1-norm of wk.

We employ the L1-norm as the regularization term to ensure that the number of terms in the resulting clas-

sifier is small. One appealing feature of the L1-norm is that it can force sparsity in the resulting classifier with

relatively little computational burden (Huang et al., 2009). For example, with respect to the L1-norm SVM,

there is empirical evidence for very sparse solutions being generated by the L1-norm formulation (Bradley

and Mangasarian, 1998; Fung and Mangasarian, 2004; Zhu et al., 2003).

We can reformulate the above problem into an equivalent linear programming problem by replacing wk
d

with wk+
d −wk−

d where wk+
d ≥ 0 and wk−

d ≥ 0 as follows:

[L1-MSCP]

min
∑

k∈K

∑

d∈Dk

(wk+
d +wk−

d ) + C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (5)

s.t.
∑

d∈Dk

(wk+
d −wk−

d )gd(xi) + bk − {
∑

d∈Dl

(wl+
d −wl−

d )gd(xi) + bl}+ εkl
i ≥ 1,

∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (6)

wk+,wk− ∈ R|D
k |

+ , bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K .

We refer to this problem as the L1-norm multi-class signomial classification problem (L1-MSCP). By solving

the L1-MSCP, we obtain a signomial classifier for a multi-class classification problem. It is easy to see that the

solution has either wk+
d or wk−

d equal to zero, so |wk
d|= wk+

d +wk−
d .

Let (ŵ+, ŵ−, b̂) be an optimal solution of the L1-MSCP, and let D̂k := {d ∈ Dk : ŵk+
d 6= 0 or ŵk−

d 6= 0} for all

k ∈ K . After solving the L1-MSCP, the classifier is as follows:

f (x) = argmax
k∈K

�

fk(x) =
∑

d∈D̂k

(ŵk+
d − ŵk−

d )gd(x) + b̂k
�

, (7)

where x is classified as class k if f (x) = k. If there are more than one class with the same maximum value,

we randomly select one of them.
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Column generation for L1-MSCP

The L1-MSCP has as many wk+
d and wk−

d variables as the size of Dk, k ∈ K . Depending on the size of Dk, k ∈ K ,

the L1-MSCP may have such a large number of variables that the problem is intractable. However, even then,

the problem can be solved efficiently by the column generation algorithm (Bertsimas and Tsitsiklis, 1997).

The algorithm generates exponents d ∈
⋃

k∈K Dk as needed – rather than given a priori – and therefore we do

not need to solve the L1-MSCP with all variables, the number of which might be large. Furthermore, provided

that the column generation problem is solved exactly, the algorithm is guaranteed to find an optimal solution

for the L1-MSCP.

Suppose that we have D̃k ⊂ Dk, which is the set of already generated exponents for class k, k ∈ K . The

restricted master problem of the L1-MSCP is given as follows:

[L1-MSCP(D̃)]

min
∑

k∈K

∑

d∈D̃k

(wk+
d +wk−

d ) + C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (8)

s.t.
∑

d∈D̃k

(wk+
d −wk−

d )gd(xi) + bk − {
∑

d∈D̃l

(wl+
d −wl−

d )gd(xi) + bl}+ εkl
i ≥ 1,

∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (9)

wk+,wk− ∈ R|D̃
k |

+ , bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K .

Let αkl
i ,∀l ∈ K \ {k}, i ∈ X k, k ∈ K be nonnegative dual variables associated with constraints (9). Among

the exponents d ∈
⋃

k∈K Dk \ D̃k, we identify a number of exponents which are profitable to the L1-MSCP(D̃).

Let zk(d):=
∑

i∈X k

∑

l∈K\{k} α̂
kl
i gd(xi)−

∑

l∈K\{k}
∑

j∈X l α̂
lk
j gd(x j), where α̂kl ,∀l ∈ K \ {k}, k ∈ K is an optimal

dual solution of the L1-MSCP(D̃). The set of profitable exponents for class k, k ∈ K is as follows:

Dk
pro f i t := {d : |zk(d)|> 1,d ∈ Dk \ D̃k}. (10)

We generate the best profitable exponent d ∈ Dk
pro f i t for each class k, k ∈ K . The column generation

problem for class k to find such an exponent is constructed as follows:

[CGPk] ẑk :=max {zk+, zk−}, (11)

zk+ :=max {zk(d) : d ∈ Dk \ D̃k}, (12)

zk− :=max {−zk(d) : d ∈ Dk \ D̃k}. (13)

After solving problems (12) and (13) respectively, we select the maximum value of zk+ and zk− as the objective

value of CGPk, and the solution corresponding to the maximum value as the solution of CGPk, respectively.

Since problems (12) and (13) are NP-hard (Theorem 1 in (Lee et al., 2012)), we solve these using a heuristic

algorithm presented in the following subsection.
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1. Initialize: For all k ∈ K , D̃k := ;, D̂k := ; and Uk := ;.

2. repeat

3. Solve the L1-MSCP(D̃) with D̃k, k ∈ K .

4. (ŵk+, ŵk−, b̂k) for all k ∈ K ← optimal solution to the L1-MSCP(D̃).

5. α̂kl
i for all l ∈ K \ {k}, i ∈ X k, k ∈ K ← optimal dual solution to the L1-MSCP(D̃).

6. for k ∈ K do

7. Solve CGPk.

8. d̂k ← solution of CGPk.

9. ẑk ← objective value of CGPk.

10 if ẑk ≥ 1+ ε then D̃k := D̃k ∪ {d̂k} and Uk := 1.

11. else Uk := 0.

12. end-do

13. until Uk = 0 for all k ∈ K .

14. D̂k := {d ∈ D̃k : ŵk+
d 6= 0 or ŵk−

d 6= 0} for all k ∈ K .

15. Return the classifier f (x) = argmax
k∈K

�

fk(x) =
∑

d∈D̂k(ŵk+
d − ŵk−

d )gd(x) + b̂k
�

.

Figure 1: L1-norm method for multi-class signomial classification (L1-MSC)

Let ẑk and d̂k be the objective value and the solution of CGPk, respectively. For each class k, if ẑk > 1,

then D̃k is updated by adding the d̂k to the master problem. After updating D̃k for all k ∈ K , we solve the

L1-MSCP(D̃) again. The procedure is repeated until ẑk ≤ 1 for all k ∈ K . In our implementation, however,

we used ẑk < 1+ ε as the stopping condition instead of ẑk ≤ 1. We set ε= 0.01.

The overview of the L1-MSC is described in Figure 1.

Heuristic algorithm for the column generation problem

In this subsection, we present a heuristic algorithm for problem (12); problem (13) can be solved analogously

to problem (12). First, we construct a relaxed problem by dropping the integrality condition present in

problem (12) as follows:
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max zk(d) :=
∑

l∈K\{k}

∑

i∈X k

α̂kl
i

n
∏

j=1

x
d j

j −
∑

l∈K\{k}

∑

j∈X l

α̂lk
j

n
∏

j=1

x
d j

j (14)

s.t. dmin ≤ d j ≤ dmax , j = 1, ..., n, (15)
n
∑

j=1

|d j | ≤ L, (16)

d ∈ Rn.

Since the objective function (14) is neither convex nor concave, the relaxed problem is solved using the Frank–

Wolfe algorithm (Frank and Wolfe, 1956) to obtain a local optimal solution. To obtain a solution such that

Td is an integer vector, we multiply the obtained solution d by T and then round down Td.

The heuristic algorithm for solving problem (12) is as follows:

1. Choose an initial solution, d(0) := 0 and z(0) := zk(d(0)), and let r := 1.

2. Determine a search direction, p(r).

In the Frank–Wolf algorithm, p(r) is determined through the solution of the following approximation

problem, which is obtained by replacing the objective function (14) with its first-order Taylor expansion

of zk(d) around d(r−1): z(r−1) +∇zk(d(r−1))
T · (y− d(r−1)).

[SD(r)CG] max c0 +
n
∑

j=1

c j y j (17)

s.t. dmin ≤ y j ≤ dmax , j = 1, ..., n, (18)
n
∑

j=1

|y j | ≤ L, (19)

y ∈ Rn,

where c0 = z(r−1)−∇zk(d(r−1))
T ·d(r−1) and (c1, . . . , cn) =∇zk(d(r−1))

T
. This problem is a variant of the

linear knapsack problem. To obtain an optimal solution to the above problem, we sort c j , j = 1, . . . , n

in the decreasing order of absolute values and then assign the value of y j in a greedy manner. Let ŷ(r)

be an optimal solution. The search direction is p(r) := ŷ(r) − d(r−1).

3. Determine the step length λ(r), such that

λ(r) = argmax
λ∈{i/s:i=0,...,s}

zk(d(r−1) +λp(r)). (20)

4. New iteration point: d(r) := d(r−1) +λ(r)p(r) and z(r) := zk(d(r)).

5. If z(r) − z(r−1) < ν then go to step 6; otherwise, set r := r + 1 and go to step 2.
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6. Round off Td(r−1), and set d̂ j := bT × d(r−1)
j c/T, j = 1, . . . , n.

7. Return d̂ and ẑ := zk(d̂).

In our implementation, we set s = 5 and ν= 0.01.

L0-norm method for multi-class signomial classification (L0-MSC)

L0-norm multi-class signomial classification problem

In this section, we describe the L0-norm method for multi-class signomial classification (L0-MSC). The L0-

norm of wk is adopted as the regularization term instead of the L1-norm, and an optimization problem is

developed as follows:

[L0-MSCP]

min
∑

k∈K

||wk||0 + C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (21)

s.t.
∑

d∈Dk

wk
d gd(xi) + bk − {

∑

d∈Dl

wl
d gd(xi) + bl}+ εkl

i ≥ 1, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (22)

wk ∈ R|D
k |, bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K ,

where ||wk||0 is the cardinality of set {wk
d | wk

d 6= 0,d ∈ Dk} and εkl
i is the misclassification error. Here, C

is the penalty parameter, and Dk is the set of exponents for class k, k ∈ K . Minimizing ||wk||0 will result in

direct reduction in the number of signomial terms in the resulting classifier and may produce the most sparse

signomial classifier. We refer to this problem as the L0-norm multi-class signomial classification problem

(L0-MSCP).

Minimizing ||wk||0 makes the L0-MSCP NP-hard: Let us suppose that we allow only instances in which

with |K | = 2, D1 = D2 = D, w1
d = −w2

d = wd/2, b1 = −b2 = b/2, ε12
i = 0 for all i ∈ X 1, and ε21

i = 0 for all

i ∈ X 2. In this case, the restricted problem of the L0-MSCP is obtained as follows:

min ||w||0 (23)

s.t.
∑

d∈D

wd gd(xi) + b ≥ 1, ∀i ∈ X 1, (24)

∑

d∈D

wd gd(xi) + b ≤ −1, ∀i ∈ X 2, (25)

w ∈ R|D|, b ∈ R.

This problem is NP-hard (Amaldi and Kann, 1998; Garey and Johnson, 1979) and a special case of the L0-

MSCP. Hence, we propose a heuristic algorithm for solving the L0-MSCP. This algorithm is described in the

next subsection.
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Let (ŵk, b̂k) be a (possibly sub-optimal) solution of the L0-MSCP, and let D̂k := {d ∈ Dk : ŵk
d 6= 0} for all

k ∈ K . The resulting classifier is as follows:

f (x) = argmax
k∈K

�

fk(x) =
∑

d∈D̂k

ŵk
d gd(x) + b̂k

�

, (26)

where x is classified in class k if f (x) = k. If there are more than one class with the same maximum value,

we randomly select one of them.

Heuristic algorithm for L0-MSCP

We first generate only a set of profitable exponents (i.e, signomial terms) with a limited size – rather than

enumerating all of the elements of Dk, k ∈ K – since the size of Dk can be exponentially large, which makes the

problem intractable. To generate as many profitable exponents as possible, we solve the L1-MSCP with a large

value of C (e.g, 106), which may produce a classifier having many signomial terms (i.e, a non-sparse classi-

fier). Let D́k ⊂ Dk be a set of such exponents for class k. After applying the exponent-generating procedure,

we attempt to build a classifier using the smallest possible number of exponents of D́k, k ∈ K by constructing

the following problem:

[L0-MSCP(D́)]

min
∑

k∈̈K

||wk||0 + C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (27)

s.t.
∑

d∈D́k

wk
d gd(xi) + bk − {

∑

d∈D́l

wl
d gd(xi) + bl}+ εkl

i ≥ 1, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (28)

wk ∈ R|D́
k |, bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K .

We use a log function,
∑

d∈Dk ln(δ+ |wk
d|), instead of ||wk||0. Weston et al. (2003) also proposed the use of

a log function as a substitute for L0-norm for feature selection. We construct the following problem by using

the log function:

min
∑

k∈K

∑

d∈D́k

ln(δ+ |wk
d|) + C

∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (29)

s.t.
∑

d∈D́k

wk
d gd(xi) + bk − {

∑

d∈D́l

wl
d gd(xi) + bl}+ εkl

i ≥ 1, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (30)

wk ∈ R|D́
k |, bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K ,

where 0 < δ � 1. The constant δ prevents δ + |wk
d| from being zero. The relation with the L0-MSCP(D́) is

due to the form of the logarithm function at the objective function (29). A logarithmic function quickly falls
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below zero near zero, but it increases only slowly when the domain value increases. Thus, decreasing wk
d

significantly decreases the objective value, while increasing wk
d only increases it slightly. This means that, at

the same training error, it is better to set as many wk
d variables as possible to zero. Hence, we solve the above

problem to obtain a solution of the L0-MSCP(D́).

The above problem can be reformulated by replacing wk
d with wk+

d −wk−
d , where wk+

d ≥ 0 and wk−
d ≥ 0, as

follows:

min h(w+,w−,ε) :=
∑

k∈K

∑

d∈D́k

ln{δ+ (wk+
d +wk−

d )}+ C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

εkl
i (31)

s.t.
∑

d∈D́k

(wk+
d −wk−

d )gd(xi) + bk − {
∑

d∈D́l

(wl+
d −wl−

d )gd(xi) + bl}+ εkl
i ≥ 1,

∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (32)

wk+,wk− ∈ R|D́
k |

+ , bk ∈ R, ∀k ∈ K ,

εkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K .

Because the objective function (31) is a continuously differentiable concave function, the Frank–Wolfe algo-

rithm (Frank and Wolfe, 1956) can be used to find a local optimal solution as follows:

1. Choose an initial solution, D̂k := ; for all k ∈ K , wk+,(0)
d := 1 and wk−,(0)

d := 1 for all d ∈ D́k, k ∈ K ,

ε
kl,(0)
i := 1 for all l ∈ K \ {k}, i ∈ X k, k ∈ K , and h(0) := h(w+,(0),w−,(0),ε(0)), and let r := 1.

2. Determine a search direction, p(r).

The following approximation problem is obtained by replacing the objective function (31) with its first-

order Taylor expansion of h(w+,w−,ε) around (w+,(r−1),w−,(r−1),ε(r−1)): h(r−1)+ ∇h(w+,(r−1),w−,(r−1),

ε(r−1))T · (y+ −w+,(r−1),y− −w−,(r−1),z− ε(r−1)).

[SD(r)] min h(r−1) +
∑

k∈K

∑

d∈D́k

yk+
d + yk−

d −wk+,(r−1)
d −wk+,(r−1)

d

δ+wk+,(r−1)
d +wk+,(r−1)

d

+ C
∑

k∈K

∑

i∈X k

∑

l∈K\{k}

(zkl
i − ε

kl,(r−1)
i ) (33)

s.t.
∑

d∈D́k

(yk+
d − yk−

d )gd(xi) + bk − {
∑

d∈D́l

(y l+
d − y l−

d )gd(xi) + bl}+ zkl
i ≥ 1,

∀l ∈ K \ {k}, i ∈ X k, k ∈ K , (34)

yk+,yk− ∈ R|D́
k |

+ , bk ∈ R, ∀k ∈ K ,

zkl
i ∈ R+, ∀l ∈ K \ {k}, i ∈ X k, k ∈ K ,

which is a linear programming problem. Let (ŷ+, ŷ−, b̂, ẑ) be an optimal solution. Let C be an m(c − 1)

sized column vector whose entries are all C , and for k ∈ K , let Vk be a |Dk| sized column vector

whose entries are 1/(δ + wk+,(r−1)
d + wk−,(r−1)

d ), d ∈ Dk. Define V as the vector [V1T , . . . ,Vc T ], and

12



Table 1: Data sets used for the experiments

Data set #Classes #Attributes #Instances

Wine 3 13 178

Iris 3 4 150

Glass 7 9 214

Segment 7 19 2310

Balance 3 4 625

Thyroid 3 5 215

then ∇h(w+,(r−1),w−,(r−1),ε(r−1))T = (VT ,VT ,CT ). The search direction is p(r) := (ŷ+ −w+,(r−1), ŷ− −

w−,(r−1), ẑ− ε(r−1)).

3. Determine the step length λ(r), such that

λ(r) = argmin
λ∈[0,1]

h
�

(w+,(r−1),w−,(r−1),ε(r−1)) +λp(r)
�

, (35)

where λ̂(r) is an optimal solution. Since the function h(w+,w−,ε) is concave, the optimal solution λ̂(r)

is either 1 or 0.

4. New iteration point:

If h(r−1) > h(ŷ+, ŷ−, ẑ), then λ̂(r) := 1 and (w+,(r),w−,(r),b(r),ε(r)) := (ŷ+, ŷ−, b̂, ẑ). Otherwise, λ̂(r) := 0

and (w+,(r),w−,(r),b(r),ε(r)) := (w+,(r−1),w−,(r−1),b(r−1),ε(r−1)).

5. Set h(r) := h(w+,(r),w−,(r),ε(r)).

6. If h(r−1) ≤ h(r) then go to step 7; otherwise, set r := r + 1 and go to step 2.

7. Set ŵk+ :=wk+,(r), ŵk− :=wk−,(r), b̂k := bk,(r), and D̂k := {d ∈ D́k : ŵk+
d 6= 0 or ŵk−

d 6= 0} for all k ∈ K .

8. Return the classifier f (x) = argmax
k∈K

�

fk(x) =
∑

d∈D̂k(ŵk+
d − ŵk−

d )gd(x) + b̂k
�

.

In our implementation, we set δ = 10−12.

Computational experiments

Computational setting

We conducted experiments on the well-known multi-class classification problems with the aim of evaluating

the performance of the methods proposed in the preceding sections. Six data sets were obtained from the

UCI repository of machine learning databases (Frank and Asuncion, 2010). Table 1 provides the description

of these data sets.
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The performances of the proposed methods were compared with those of two multi-class SVM methods,

namely, Weston and Watkins’s multi-class SVM (Weston and Watkins, 1999) and Crammer and Singer’s multi-

class SVM (Crammer and Singer, 2002), both of which directly solve multi-class classification problems. The

L1-MSC and the L0-MSC methods were implemented with the Xpress Mosel language using the linear pro-

gramming solver provided by the Xpress package (Xpress, 2010). The multi-class SVMs were implemented in

the BSVM software package (Hsu and Lin, 2006) using the decomposition method proposed by Hsu and Lin

(2002b). We also implemented the predictions of all methods in C] to measure prediction time in the same

condition.

For the proposed methods, we have to translate input data into the range [1,∞), because the signomial

function (1) is a sum of signomial terms where each term consists of products of power functions of x j , i.e,
∏n

j=1 x
d j

j . In the column generation process, the terms are treated as products of exponential functions of d j ,

and the partial derivatives of a sum of the terms are used in the Frank–Wolf algorithm. The sign of the partial

derivative varies with the value of x. By definition, the variable vector x defined on a signomial function (1)

is required to be strictly positive. Therefore, the data were translated into the range [1,∞) to ensure that

the signs of the partial derivatives remain steady: i.e, if the x value is in the range of [1,∞), then the sign of

the partial derivative is always positive. Let Min j :=mini=1,...,m x i j for j = 1, . . . , n. We translated the original

data in such a way that if Min j < 0, then x i j := x i j −Min j +1, otherwise x i j := x i j +1. Note that the original

data were translated without data scaling.

For the L1-MSC and the L0-MSC, we used the original data translated to be in the range [1,∞). For

the multi-class SVMs, we used the scaled data which were linearly scaled to be in the range of [−1,1], as

suggested by Hsu and Lin (2002a).

Additional experiments were conducted to determine the effect of data scaling on the performance of

each method. To this end, we tested the multi-class SVMs on the original data used for the proposed methods

(translated data), and the proposed methods were tested on the scaled data used for the multi-class SVMs. It

should be noted that the scaled data were also translated by adding 2 so that they are in the range of [1,3]

for the proposed methods.

For parameter setting and performance testing, each data set was divided into three disjoint subsets: train-

ing, validation, and test sets. We randomly selected the subsets 20 times in the ratio of 5:3:2, while ensuring

that propositions of classes were similar in each subset. For various parameter settings, classifiers were trained

on the training sets and then evaluated by using the corresponding validation sets. Those model parameters

which achieved the best average accuracy on the validation sets were selected. We then predicted the test

sets using the classifiers that are trained on the corresponding training sets with the selected parameters.

As performance criteria, we used the average classification accuracy on test sets, the average number of

terms of resulting classifiers (in the case of the multi-class SVMs, the average proportion of support vectors

in the training set), the average time to train classifiers, and the average time to predict the class of test sets.

For the proposed methods, we defined the set Dk := {d ∈ Rn : −1 ≤ d j ≤ 1, j = 1, ..., n,
∑n

i=1 |di | ≤

1,10d ∈ Zn} for k ∈ K . We tested the proposed methods using seven combinations of regularization parameter
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C: C=[10−3, 10−2, 10−1, 1, 10, 102, 103]. For the multi-class SVMs, we used Gaussian radial basis function

(RBF) kernel K(x i , x j) := ex p(−γ‖x i − x j‖2). The multi-class SVMs were tested using 7× 7 combinations of

regularization parameter C and kernel parameter γ: C=[10−3, 10−2, 10−1, 1, 10, 102, 103] and γ=[10−3,

10−2, 10−1, 1, 10, 102, 103].

Computational results

The experimental results according to the respective performance criteria are presented in Tables 2–4. TestAcc,

No. of terms, SVs/TrnS, TrnT, and PrdT denote the average classification accuracy and standard deviation

on test sets, the average number of terms and standard deviation in the resulting classifiers, the average

proportion of support vectors and standard deviation in the training set, the average time to train classifiers,

and the average time to predict test sets, respectively. In Table 3,∆TestAcc and∆No. of terms denote changes

in the results presented in Tables 2 and 3. In Table 4, ∆TestAcc and∆SVs/TrnS denote changes in the results

presented in Tables 2 and 4. L1-MSC and L0-MSC denote the proposed methods, while W & W and C & S

denote Weston and Watkins’s (Weston and Watkins, 1999) and Crammer and Singer’s (Crammer and Singer,

2002) multi-class SVMs, respectively.

To compare the performance of the proposed methods with the multi-class SVMs, we tested the proposed

methods and the multi-class SVMs on the original data and the scaled data, respectively. Table 2 shows the

performance results.

Overall, the L1-MSC gave the best performance for the average classification accuracy. Compared with the

multi-class SVMs, the L1-MSC obtained better or competitive classification accuracies for most data sets (with

the exception of the Wine data set), and the L0-MSC achieved better or competitive classification accuracies

for the Balance and the Thyroid data sets. In general, the classification accuracies of the L1-MSC were better

or, at the very least, comparable to those of the L0-MSC, possibly because in the L0-MSC, classifiers are trained

after profitable exponents are generated, not at the same time.

Although the average classification accuracies of the L0-MSC were worse than those of the L1-MSC, the

L0-MSC gave much sparser classifiers than the L1-MSC. There were, on average, 50% fewer terms in the

resulting classifiers of the L0-MSC than in those of the L1-MSC. For example, for one training set of the Iris

data set, the following classifier was obtained by the L1-MSC with C = 1:

f (x)L1-MSC = argmax
{1,2,3}









f1(x) = 0.40x1
2 − 1.35x1

3 + 18.9,

f2(x) = 0.53x1
1 + 12.73,

f3(x) = 1.19x0.6
3 x0.4

4 + 2.27x0.8
3 x0.2

4









.

Using the same training set, the L0-MSC obtained a more sparse classifier with C = 1 as follows:

f (x)L0-MSC = argmax
{1,2,3}









f1(x) = −1.82x1
3 + 30.57,

f2(x) = 24.30,

f3(x) = 5.78x0.6
3 x0.4

4









.
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Both classifiers gave same classification accuracy (100%) on the corresponding test set.

The resulting classifiers of the proposed methods can be explicitly described in original space and inter-

preted with the original variables x j , while for those of the multi-class SVMs (Crammer and Singer, 2002;

Weston and Watkins, 1999), it is not easy to obtain explicit function descriptions in original space. For in-

stance, in the case of the above classifier of L0-MSC, we found that the variable x3 plays an important role in

the classifier. The Iris data set consists of four variables: x1-sepal length, x2-sepal width, x3-petal length and

x4-petal width. If x3 < 3.45, then an example is assigned to class 1, or if x3 >= 3.45 and x0.6
3 x0.4

4 < 4.20,

then class 2, otherwise class 3. The variable x4 also influences the classification. This influence is, however,

smaller than that of x3, and x4 (petal width) is most probably closely related to x3 (petal length). Thus, as

the value of x3 increases, the class of an example may move from class 1 to class 2 and then from class 2 to

class 3.

Moreover, the proposed methods gave sparser classifiers than the multi-class SVMs. For example, for the

Wine data set, the resulting classifiers of the proposed methods are expressed as a sum of a linear combination

of about six signomial terms and a constant term b. On the other hand, those of the multi-class SVMs are

expressed as a sum of a linear combination of over 60 kernel functions and a constant term b. Thus, the

proposed methods should enable an easier interpretation of data than the multi-class SVMs.

In terms of the prediction time, proposed methods performed better than the multi-class SVMs, especially

on the Segment data set, since the proposed methods provide sparser classifiers than the multi-class SVMs.

For a similar reason, the average prediction time of the L0-MSC was smaller than that of the L1-MSC. For

the average training time, the performance of the multi-class SVMs was better or comparable to that of the

proposed methods. However, the proposed methods generally took only several seconds to train the classifiers,

with the exception of the Segment data set, and even for the Segment data set, the average training time was

less than 6 minutes. It is noteworthy that in the case of off-line classification, the training time is not important

as the prediction time.

Tables 3 and 4 show the results of the additional experiments that were performed to determine the effect

of data scaling on the performance of each method. Table 3 presents the results of the proposed methods

tested on the scaled data (the range of [1,3]) and shows that although the performance results are slightly

worse in some cases, they are not significantly different from those of the experiments conducted on the

original data (see Table 2). Table 4 shows the results of the multi-class SVMs tested on the original data (the

range of [1,∞)). It shows that the performance results generally did not change much compared with the

results on the scaled data (see Table 2). However, for the Wine data set, the average classification accuracy

worsened by about 18% when we used the original data instead of the scaled data.

Conclusion

We have proposed two multi-class classification methods using signomial function, namely, L1-MSC and L0-

MSC. The classification accuracies of the proposed methods are better or, at the very least, comparable to those

of the multi-class SVMs. Proposed methods also give sparse classifiers and provide an explicit description of
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Table 2: Performance results: Average classification accuracy (%) and standard deviation on test set, average

number of terms and standard deviation in the resulting classifiers, average training time (s), and average

prediction time (ms). The L1-MSC and L0-MSC were tested on the original data with a linear translation, and

the multi-class SVMs were tested on the scaled data. For each data set, better or comparable performance

results of the proposed methods are printed in bold, as compared with those of the multi-class SVMs (Crammer

and Singer, 2002; Weston and Watkins, 1999). For the average number of terms, however, the smallest

number is printed in bold.

Data set L1-MSC L0-MSC W & W C & S

Wine TestAcc 98.57± 1.73 96.29± 3.36 98.57± 1.73 98.71± 1.96

No. of terms
6.40± 0.75 6.10± 1.52 (59.69± 2.39/89) (80.46± 1.94/89)

(SVs/TrnS)a

TrnT 0.31 0.61 0.03 0.03

PrdT 0.70 0.39 1.95 4.37

Iris TestAcc 98.17± 2.53 97.00± 3.04 97.83± 2.48 97.00± 3.04

No. of terms
4.95± 1.23 3.45± 0.89 (27.92± 1.44/75) (12.23± 1.83/75)

(SVs/TrnS)a

TrnT 0.15 0.21 0.02 0.08

PrdT 0.55 0.47 1.64 1.09

Balance TestAcc 99.84± 0.56 99.56± 0.72 96.41± 1.88 94.15± 1.48

No. of terms
16.20± 0.95 11.25± 1.02 (40.15± 2.08/312) (39.23± 1.92/312)

(SVs/TrnS)a

TrnT 1.66 1.86 0.06 0.38

PrdT 1.09 0.55 1.40 3.12

Thyroid TestAcc 98.10± 1.83 96.55± 2.84 96.19± 3.22 96.55± 2.73

No. of terms
8.15± 1.09 6.05± 1.00 (24.46± 1.33/109) (21.23± 2.17/109)

(SVs/TrnS)a

TrnT 0.35 0.43 0.02 0.02

PrdT 0.55 0.55 1.40 1.40

Glass TestAcc 71.75± 5.26 70.25± 6.33 71.75± 5.97 71.13± 6.56

No. of terms
31.85± 2.28 20.95± 2.72 (97.92± 3.23/109) (109.00± 0.00/109)

(SVs/TrnS)a

TrnT 2.06 59.59 0.04 0.03

PrdT 1.79 1.01 3.35 4.45

Segment TestAcc 96.94± 0.69 95.94± 1.01 96.93± 0.75 96.86± 0.96

No. of terms
68.95± 4.16 22.00± 2.71 (283.85± 9.93/1155) (229.54± 6.97/1155)

(SVs/TrnS)a

TrnT 151.56 346.95 0.33 1.14

PrdT 2.73 1.40 170.26 137.12

aFor the multi-class SVMs, the average proportion of support vectors and standard deviation in the training set is reported instead of

the average number of terms and standard deviation in the resulting classifers and is parenthesized, since it is not easy to obtain explicit

function descriptions of classifiers.

17



Table 3: Performance results of the L1-MSC and the L0-MSC, tested on the scaled data: Average classification

accuracy (%) and standard deviation on test set, change (%) in the average classification accuracy on test set

of Tables 2 and 3, average number of terms and standard deviation in the resulting classifiers, and change in

the average number of terms in the resulting classifiers of Tables 2 and 3.

Data set
L1-MSC L0-MSC

TestAcc ∆TestAcc No. of terms ∆No. of terms TestAcc ∆TestAcc No. of terms ∆No. of terms

Wine 97.14± 2.62 −1.43 14.30± 1.84 7.90 97.14± 2.78 0.86 6.00± 1.56 −0.10

Iris 95.83± 2.84 −2.33 3.15± 0.88 −1.80 96.17± 2.92 −0.83 2.00± 0.00 −1.45

Balance 99.80± 0.44 −0.04 18.35± 0.81 2.15 99.56± 0.72 0.00 11.60± 1.23 0.35

Thyroid 96.67± 2.93 −1.43 7.50± 0.69 −0.65 97.02± 2.30 0.48 5.10± 0.64 −0.95

Glass 70.75± 7.39 −1.00 39.80± 3.14 7.95 68.75± 6.26 −1.50 28.50± 2.96 7.55

Segment 96.46± 0.80 −0.48 63.85± 3.69 −5.10 96.07± 0.78 0.13 27.00± 2.41 5.00

Table 4: Performance results of the multi-class SVMs (Crammer and Singer, 2002; Weston and Watkins,

1999), which were tested on the original data with a linear translation: Average classification accuracy (%)

and standard deviation on test set, change (%) in the average classification accuracy on test set of Tables 2

and 4, average proportion of support vectors and standard deviation in the training set, and change in the

average proportion of support vectors in the training set of Tables 2 and 4.

Data set
W & W C & S

TestAcc ∆TestAcc SVs/TrnS ∆SVs/TrnS TestAcc ∆TestAcc SVs/TrnS ∆SVs/TrnS

Wine 80.86± 6.82 −17.71 66.15± 2.27/89 6.46/89 80.57± 6.59 −18.14 66.15± 2.58/89 −14.31/89

Iris 98.50± 2.02 0.67 17.54± 1.71/75 −10.38/75 98.00± 2.51 1.00 15.15± 2.15/75 2.92/75

Balance 97.30± 1.18 0.89 45.69± 2.87/312 5.54/312 97.38± 1.33 3.23 37.85± 3.01/312 −1.38/312

Thyroid 95.84± 3.08 −0.36 21.62± 2.22/109 −2.85/109 95.95± 2.90 −0.59 20.00± 2.58/109 −1.23/109

Glass 71.50± 5.58 −0.25 93.85± 2.94/109 −4.08/109 72.38± 7.09 1.25 109.00± 0.00/109 0.00/109

Segment 95.39± 1.23 −1.54 540.85± 13.64/1155 257.00/1155 96.37± 1.18 −0.49 515.77± 13.65/1155 286.23/1155
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the classifier in original space. Moreover, the proposed methods do not require an elaborated data scaling as

a preprocessing process, since the methods are robust to the scaling of the input data.
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